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A space for gauge theories is defined, using projective limits as 
subsets of Cartesian products of homomorphisms from a lattice on 
the structure group. In this space, non-interacting and interacting 
measures are defined as well as functions and operators. From projec- 
tive limits of test functions and distributions on products of compact 
groups, a projective gauge triplet is obtained, which provides a frame- 
work for the infinite-dimensional calculus in gauge theories. The gauge 
measure behavior on nongeneric strata is also obtained. 

1 Preliminaries 

1.1 Gauge theory. Basic definitions 

In its usual formulation a classical gauge theory consists of four basic objects: 
(i) A principal fiber bundle P (M, G) with structure group G and projec- 
tion TT : P — )■ M, the base space M being an oriented Riemannian manifold, 
(ii) An afhne space C of connections u on P, modelled by a vector space 
A of 1-forms on M with values on the Lie algebra LG of G. 

(iii) The space of differentiable sections of P, called the gauge group Q 
(iv) A ^—invariant functional (the Lagrangian) £ : ^ — )> R 
The statement (iv) presumes the existence of a reference measure in the 
configuration space A/Q., the exponential of the Lagrangian being a Radon- 
Nykodim derivative with respect to this reference measure. Because that 
might not always be possible to achieve, it is better to replace (iv) by: 
(iv') A well defined measure in the configuration space A/Q. 
Choosing a reference connection, the affine space of connections on P 
may be modelled by a vector space of LG- valued 1-forms {G°° (A^ ® LG)). 
Likewise the curvature F is identified with an element of C°° (A^ ® LG). In 
a coordinate system one writes 

A = A^^dx^a xe M taE LG 

with the action oi '-/ = {g (x)} E Q on A E A given by 

7 : A^ (x) -^ (gA^) (x) = g (x) A^ (x) g-^ (x) - (dg) (x) ■ g-^ (x) (1) 

In this paper G will always be considered to be a compact group. 

The action of ^ on ^ leads to a stratification of A corresponding to 
the classes of equivalent orbits {gA;g G Q}. Let Sa denote the isotropy (or 



stabilizer) group of A E A 

SA = beg:jA = A} (2) 

The stratum S (A) of A is the set of connections having isotropy groups 
^—conjugated to that of A 

j:{A) = {BeA:3-feg:SB = 75a7"'} (3) 

The configuration space of the gauge theory is the quotient space A/Q and 
therefore a stratum is the set of points in A/Q that correspond to orbits with 
conjugated isotropy groups. 

1.2 Generalized connections and the Ashtekar-Lewandowski 
measure 

Whenever a Lagrangian is defined the calculation of physical quantities in 
the path integral formulation 

(0) = / (0 e'^(«)rf/x (0 (4) 

JA/g 

requires a measure in A/Q and no such measure is found for Sobolev connec- 
tions. Therefore it turned out to be more convenient to work in a space of 
generalized connections A, defining parallel transports on piecewise smooth 
paths as simple homomorphisms from the paths on M to the group G, with- 
out a smoothness assumption [1]. The same applies to the generalized gauge 
group Q. Then, there is in A/Q an induced Haar measure, the Ashtekar- 
Lewandowski (AL) measure[2] [3]. Sobolev connections are a dense zero 
measure subset of the generalized connections |4j. 

A generalized connection is simply a homomorphism from the groupoid 
of paths V to the structure group. Different choices for the groupoid of 
paths have been proposed. Piecewise analyticity was first proposed [5] , later 
extended to the smooth category [6] and to a more general setting covering 
both cases [7j [8]. This led to the notions of graphs[2], webs and hyphs[9]. 
Here, being mostly concerned with the Yang-Mills theory (and not with 
gravity where diffeomorphism invariance is important), the piecewise analytic 
case will be considered. 

The space of generalized connections is characterized by using the repre- 
sentation theory of C* algebras. The relevant algebra is the algebra TiA of 



functions on A/Q obtained by taking finite linear combinations of finite prod- 
ucts of traces of holonomies (Wilson loop functions W^ {A)) around closed 
loops a. The completion l-LA of 1-LA in the sup norm is a C* algebra. l-LA is 
an abelian C* algebra and its Gel'fand spectrum is, by definition, the space of 
generalized connections A/Q . An equivalence class of holonomically equiv- 
alent loops is called a hoop. By composition, hoops generate a hoop group 



T-LQ. Every point A G A/Q gives rise to a homomorphism H from the hoop 
group TiQ to the structure group G and every homorphism defines a point 

in A/Q and, from H^ {(3) = TrH (/3, A) , where H (/3, A) denotes the holon- 
omy, it follows that the correspondence has the trivial ambiguity that H and 

g^^Hg define the same point in A/Q [5]. 

An important notion is the notion of independent hoops. Denote by 
a the hoop for which a is a representative loop. In a set of independent 

hoops < Pi, (521 ■ ■ ■ 1 (^n\ every representative loop /3j must contain an open 
interval that is traversed exactly once and no finite segment of which is 
shared by any other loop in a different hoop. Furthermore given a set of 
hoops <ai,a2,--- , a^ r it is always possible to find a set of independent 

hoops such that the hoop subgroup generated by the ctj's is contained in the 

hoop subgroup generated by the /3j's and for every {gi,g2,- ■ ■ , Qn) £ C" there 
is a connection A & A such that H (/3j, A) = gi , i = 1, ■ ■ ■ ,n ^. H {Pi, A) 
denotes the holonomy (l^g (A) = TrH (/3j, A)). 

The notion of independent hoops provides a simple definition of cylin- 
drical functions. Given a set of independent loops /3i,/32, ■ ■ ■ ,/3„, consider 
the hoop subgroup S* that they generate and define an equivalence rela- 
tion in A/Q by Ai ~ A2 iff H^^ (7] = g~^H^^ i'^) 9 ^°^ some g & G 
and all 7 G 5**. Denoting by n (S*) the projection on the quotient space 



A/Q ) / ^, cylindrical functions are the pull-backs under vr (S*) of the func- 
tions / on (A/Q) / ~. [A/Qj / ~ is isomorphic to G"'/Ad , the algebra of 

the cylindrical functions is a C* algebra and its completion in the sup norm 
is isomorphic to the algebra l-LA. 

A natural integration measure for the cylindrical functions is the Haar 
measure on G, which being invariant under G, projects down naturally to 
G^ /Ad . It satisfies the required compatibility condition in the sense that 



if / is a cylindrical function on A/Q with respect to two different finitely 
generated hoop subgroups S*,i = 1,2, then 

fidfii = / /srf/is 

G"i/Ad JG"2/Ad 



The measure on A/Q whose restriction to cylindrical functions is the Haar 
measure on G^ /Ad is the Ashtekar-Lewandowski measure. 

1.3 Projective limits and physical interpretation 

Let {J, >-} be a set endowed with an order relation >- and suppose that with 
each element i G / a set Xj is associated and for each pair (i, j), in which 
j >- i, there is a mapping ttjj : Xj — > Xi such that ttu is the identity and 
'^ki'^ij = T^kj- Then a set X is called the projective limit X = limXj of the 

family {Xi} of sets if the following conditions are satisfied: 

a) there is a family of mappings ttj : X — ?> Xj such that for any pair (i,j), 
in which j >~ i, T^ijT^j = T^i 

b) for any family of mappings a^ : F — ?> Xj, from an arbitrary set F, for 
which the equalities 'KijOij = ai hold for j >- i, there exists a unique mapping 
a : y — 7> X such that ai = Tfia for every i & I. 

An explicit construction of the projective limit, which is particularly 
suited to the physical interpretation is the following: Consider the direct 
product YlXi and select in it the subset X which satisfies the consistency 

i€l 

condition j >~ i =^ '^■ij^j = ^i with Xj C Xj and Xj C Xj. This subset is 
the projective limit of the family {Xj} of sets. 

Notice that this construction emphasizes the fact that the projective limit 
is not the limit of the sequence Xj. Instead it is a particular subset of the 
direct product. If, for example, the physical meaning of the index set {J, >-} 
is a refinement to successive smaller scales, the projective limit, once the 
consistency condition is fulfilled, contains a description of all the scales and 
not only the small scale limit. 



2 The gauge projective space, kinematical mea- 
sure, functions and operators 

In the past, the Ashtekhar-Lewandowski measure has been constructed in 
very general settings, using projective hmits of floating lattices and weak 
smoothness conditions. Here, staying closer to the usual physical setting of 
lattice gauge theory, one uses fixed square lattices with piecewise analytic 
parametrization. 

Consider a sequence of square lattices in M^ of edge -^ k = 0,1,2,--- 
constructed in such a way that the lattice of edge ^ is a refinement of the 
2^ lattice (all vertices of the ^^ lattice are also vertices in the ^ lattice). 
Finite volume hypercubes F in this lattice are a directed set {F, y} under 
the inclusion relation y. F :^ F' meaning that all edges and vertices in F' 
are contained in F, the inclusion relation satisfies 

F ^ F 

F y F' and F' ^ F ^ F = F' 

F ^ F' and F' ^ F" ^ F ^ F" (5) 

For convenience one considers that the lattice refinement from size ^^ to 
^ is made one plaquette at a time so that all intermediate configurations 
are present in the directed set. This directed set will cover both successively 
higher volumes and finer and finer lattices. Let po be a point that does 
not belong to any lattice of the directed family. One assumes an analytic 
parametrization of each edge, to each edge / associates a po-based loop and 
for each generalized connection A consider the holonomy hi {A). 

For definiteness each edge is considered to be oriented along the coordi- 
nates positive direction and the set of edges of the lattice F is denoted E (F). 
The set Ar of generalized connections for the lattice hypercube F is the set 
of homorphisms Ar = Hom(E (T) ,G) ~ G^^^^\ obtained by associating 
to each edge the holonomy hi (■) on the associated po-based loop. The set 
of gauge-independent generalized connections Ar/Ad is obtained factoring 
by the adjoint representation at po, Ar/Ad ~ G^^^^^ /Ad. However because, 
for gauge independent functions, integration in ^r coincides with integra- 
tion in Ar/Ad , for simplicity from now on one uses only Ar- The space of 
generalized connections that one considers here is then the projective limit 



A = lim^r of the family 

{Ar,nrr':T'yT} (6) 

TTrr' and vrr denote the surjective projections ^r' — > ^r and A = hm^r- 

Recall that the projective limit of the family {Ary'n'rr'} is the subset A 

of the Cartesian product YlAr that satisfies the consistent condition 

r 

A= lae Yl^r : r' ^ r ^ TCrr'A^' = Ai 

The projective topology in A is the coarsest topology for which each vrp 
mapping is continuous. 

For a compact group G, each ^r is a compact Hausdorff space. Then 
A is also a compact Hausdorff space. In each ^r one has a natural (Haar) 
normalized product measure z/p = fijj^ , fin being the normalized Haar 
measure in G. Then, according to a theorem of Prokhorov, as generalized by 
Kisynski[TO] [II], if 

z/r' (vrfA (B)) = ur (B) (7) 

for every F' :^ F and every Borel set B in Ar, there is a unique measure u 
in A such that u (vTp ^ (-S)) = z/p (B) for every F. Furthermore, this measure 
is tight, that is, for every e > there is a compact subset K oi A such that 
ur i^r — TTr (K)) < e. The measure z/, so constructed, is a version of the 
Ashtekar-Lewandowski measure. 

The consistency condition ([7]) is easy to check in the present context. It 
suffices to consider F' = F^ as the refinement of F = Tk-i when the edge size 
goes from ^^ to ^. Then, if gi are group elements associated to the finer 
lattice (size ^) 

i^k-i (gi X 5-2 X 5-3 X 5(4 G fi) = Uk-i {gi X gj x g^ x {gi x g^ x g^y^ B : g,, gj, gk E G) 

= fiH (Gf fiH {{g^ X gj X gky' B) = Uk (B) (8) 

and the consistency condition (^^ follows from the normalization and invari- 
ance of the fin measure. The second equality in ([8]) refiects the factorized 
nature of the product measure. A = lim^r will be called the gauge space 

and u the kinematical measure. 



In the following one also needs to define functions and operators in the 
projective family. The correspondence Ar ~ G'#^('") means that functions 

on the projective family are constructed from equivalent classes of functions 

inG#^(r)_ 

G being a compact connected Lie group with Lie algebra LG, one chooses 
an ArfG— invariant inner product (■, ■) on LG. For each C, G LG define d^ by 



(dd) (g) ■■= jj (eS) 



geG (9) 



t=o 



Choosing an ortho normal basis in LG, {^i ■ ■ ■ ^n}, write di := (9^-. With these 
operators one has a notion of C" (G) functions and, with the Haar measure 
dnHi of L^ (G, dfin) space as well. 
The Laplacian operator is 



n 



AG:=}_^dt (10) 

j=i 

which does not depend on the choice of the basis and is symmetric with 
respect to the L^ {G, dfin) inner product. 

For any finite ^E (F), the extension of these notions to ^r ~ G*^*^'"^ is 
straightforward. To carry the notion of G" function in (finite) product spaces 
to the projective family, introduce in the union 

U^" (A) 

r 
the equivalence relation 

/ri ~ /ra if ^riFa/ri = '^Krjri (H) 

for any F3 >- Fi,F2. Tr*^,, is the pull-back map from the space of functions 
on F to the space of functions on F . 

The set of G" cylindrical functions associated to the projective family 
{^r, TTrr'} is then 

[JG- (Ar) I ~ (12) 

r 

On the other hand, for families of operators {Or, -D (Or)}rg_5 with do- 
mains D (Or) defined on a subset of labels S*, one requires the following 
consistency conditions 

7r;^,Z^(0r) cZ^(OrO (13) 



Op'7r*p, = 7r*p,0r (14) 

for every F :^ F such that F, F E S. 

3 The gauge projective triplet 

Here one considers the same directed set {F, y}, spaces ^r = Horn [E (F) , G) 
Q#E{T) ^^^ ^YiQ projective hmit A = hm^r as in the preceding section. To 

formulate an infinite-dimensional calculus in A one starts by defining test 
functions and distributions in G*^*^^^ and then considers the corresponding 
projective limits. 

Several families of norms may be used to construct test functions and 
distribution spaces in G*^'^'"^ Here the heat kernel norm will be used. For a 
compact connected group G, one uses the same construction of Hida spaces 
as in Ref.jl2j to which the reader is referred for details and proofs. In G 
there is a heat kernel pt (g) defined as the fundamental solution of 

dtp = ^Ap (15) 

A being the operator defined in ( ITOl) . The heat kernel measure is dfit = Ptdfin 
and it is easy to check that 

L^{G,d^t) = L^{G,d^H) (16) 

By analogy with the Gaussian case a collection 1-it {G) of spaces is defined 
as domains of 

Ut (G) = V (p7/f o e-Ki-i)^ opi) (17) 

for t > 1, which are Hilbert spaces with norm 

(18) 



(19) 
(20) 



Jg 


{p;l/'oe-'^(^-'^)^op,)f 


2 

diJ,H 


Equivalently, if the eigenvalues of the Laplacian are V9„ 


A(fn = Kfn 


then 

oo 


/G?^,(G)^/-)^c„^ 

n=l P^ 
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with 

CO 

J2\cnfe-('-T>-<oo (21) 

n=l 

Because A has negative spectrum, 7^^/ (G) C "Hf (G) if t' > t 

From the family {Tit [G) ,t >1} of Hilbert spaces one defines the test 
function space on G as 

'HiG) = f]ntiG)= fl^n(G') (22) 

t>l nGN 

?^ (G) is equipped with the projective hmit topology of the spaces Tit (G), 
which coincides with the metric topology defined by the metric 

Ti (G) is dense in each Tit {G) and is a nuclear space of analytic functions on 

Because {Ti (G) ,d) is a countably Hilbert space it follows [13] that the 
topological dual Ti* (G) of Ti (G) is given by 

oo 

n* (G) = U K (G) (24) 

n=l 

"H* (G) being the dual space of Ti*^{G). That is, each continuous linear 
functional on Ti{G) must already be continuous for some norm ||»||„. The 
nuclearity of Ti (G) also implies that Ti* (G) carries many probability mea- 
sures defined by characteristic functions and the Bochner-Minlos theorem. 
Ti* (G) is the space of distributions on G. By a canonical embedding one has 
the chain (triplet) 

n (G) C L^ (G, dut) C n* (G) (25) 

For each finite hypercube F, taking direct products of ^E (F) copies of 
the spaces, the generalization of this triplet construction to G*'^^'"^is straight- 
forward 

n (G#^(^)) = fl^t (G#^(r)) = fl^n (G#^(^)) (26) 

t>l nGN 

oo 

n* (G#^(r)) = U K (G*^^^^) (27) 

n=l 

10 



U (G#^(^)) C L' G*^^^\ \{d^^^(l n* (G#^(^)) (28) 

This provides, for each finite hypercube F, a space of test functions "H [G^^^^^) 
and distributions n* (C*^^^^) on ^r = Horn {E (T) , G) ~ G*^'^^\ 

With the directed set {F, ^} of finite volume hypercubes, one has the 

surjective projections U {Av ~ G*^^^'^) ^ ?/ ( A ~ G^^^^)) and 

TTpp/ meaning the restriction of functions and distributions on G*^*^^ -' to the 
elements of G#-^(^) . 

One now considers, in the Cartesian products YY^ (-^r) and YY^* (-^r) 

r r 

the subsets 

n{A) = ls (a) G Y[H (At) : F' ^ F ^ vr^r'^ (-^r') = H {Ar) > (29) 

and 

n* (A) = I s (a*) e Yin* (Ar) : F' ^ F ^ 7rf^,n* (Ar') = U* {Ar) \ 

(30) 
which define spaces of test functions and distributions on A. It is this pro- 
jective triplet 

n {A) C L^ {A, dv) c W {A) (31) 

that provides the framework for an infinite-dimensional calculus in the gauge 
theory. A particularly useful tool for this purpose is the 5*— transform, which 
for H* (G) is 

(5$) {x) = $ (ej (32) 

^eU* (G), x G G and 

ex {y) = ^-— 33 

The S*— transform is an injective map from "H* (G) onto U (Gc), the space 
of holomorphic functions of second order exponential growth on Gc (the 
complexification of G). 

U (Gc) = {/ G Hoi (Gc) \3k, c>0:\f{z)\< ce'^'\\\fz G Gc} (34) 

11 



The extension of this transform to G'#^('") is straightforward and through the 
Cartesian product construction allows to deal with distributions in "H* (A) 
as functions in T-L (A). 

Notice that all spaces in the gauge projective triplet fl3T|) are subsets of a 
Cartesian product, not just the corresponding small distance limit. Therefore 
the triplet, here proposed, is the basic framework for a gauge theory calculus 
at all length scales. 

The factorizable nature of the z/ measure in L^ {A, dv) played an impor- 
tant role in checking the consistency condition ([7]). However, being factoriz- 
able, it is necessarily a non-interacting measure. Next, one discusses how to 
define a class of interacting measures in the gauge triplet framework. 

4 Convolution semigroups and interaction mea- 
sures 

In ([H]) the consistency condition ([7]) is easy to check because of the factorized 
nature of the kinematical measure v. However, interaction measures have 
to be constructed from entities involving more than one of the edge-based 
holonomies. The basic element will be 

Uu {At) = hh2h^'h^' (35) 

hi to /14 being the holonomies associated to the loops based on the links 
of a plaquette. Then Uo {A^) is the holonomy along the plaquette which, 
according to the orientation conventions used here, is obtained by the product 
of two po "based loop holonomies and two inverse po~based loop holonomies. 
To construct an interaction measure, one first considers, on the finite- 
dimensional spaces At ~ G*^^^\ measures that are absolutely continuous 
with respect to the Haar measure 



lp{Ar){df.H)*''^'^ (36) 



where p [Ar) is a continuous function in ^r and a. Z a normalizing constant. 
In particular make the simplifying assumptions: 
- that p (At) is a product of plaquette functions 

p{Ar)=p{UaJpiUo,)---piUoJ (37) 

12 



the product running over the n plaquettes contained in F and 

- that p (■) is a central function, p (xy) = p (yx) or, equivalently p (y^^xy) = 

p (x) with x,y E G. 

To be able to construct an interaction measure on the projective limit 

one has to check the consistency condition ([7]). In the directed set {T, >-} 

consider two elements F and F which differ only in subdivision of a single 

plaquette (see Fig.l), all the others being the same. 



5494 
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Figure 1: Subdivision of one plaquette 

If there is a choice of densities p (■) that fulfill the consistency condition 
in this case, then it can be satisfied for whole directed set. For this case the 
consistency condition is simply 

-^ P' {9i^Gig2y2^yi^) p' {y292^G29z^yz^) p' [vAy^g-iG^^ g^^) p' (giyiy^^g^G^^) 
4 
Y\ dfXH (gi) dfXH (yi) d^H (Gi) 

i=\ 
1 /• ^ 

= - / p (G1G2G3-IG4-1) n dm (C.) (38) 

because integration over all the other plaquettes is the same in F and F . p' 
and p denote the densities for plaquettes of size ^ and g^n-, respectively. 

13 



Using centrality oi p', redefining 

giyi = Xi, g2y2^ = ^2, 2/35'3 = X^\ y^^g^ = X^^ (39) 

and using invariance of tlie normalized Haar measure, one may integrate over 
yi,y2,y3, Va obtaining for tlie left hand side of (138|1 



^ I p' (Xf IG1X2) p' (X2-IG2X3) p' (X3-IG3-IX4) p' (X4-IG4 ^Xi) \{ dfiH (X,) di^H (G.) 

Finally, if there is a sequence of central functions p',p",p satisfying 
fp'{G,X)p'{X-'G,)dfiH{X) ~ p"iG,G,) 

Jp"iG,X)p"{X-'G,)df^HiX) ~ p{G,G,) (40) 



the consistency condition (13811 would be satisfied, the proportionality con- 
stants being absorbed by the normalization constant Z . p',p" and p are the 
functions associated to the square plaquette with links of size ^, the rectan- 
gular plaquette with links of size ^ and ^^ and, finally, the square plaquette 
with links of size 2^- The sequence {p',p",p) corresponds to the subdivision 
of one plaquette. If such a sequence exists for all k, because all elements in 
the directed set {T, >-} may be reached by one-plaquette subdivisions, one 
obtains the following general result: 

Theorem 1 An interaction measure on the projective limit A = lini^r ex- 
ists if a sequence of functions is found satisfying [JW foi" plaquette subdivi- 
sions of all sizes. 

Notice that: 

- Eq. lHOj) is not necessarily a convolution semigroup property because 
p', p" and p might be different functions and (HO!) is a proportionality relation, 
not an equahty. 

- The interaction measure may not be absolutely continuous with respect 
to the kinematical measure z/, constructed in Sect. 2, because not all func- 
tions in the sequence (mostly in the small scale limit) might be continuous 
functions. 

Although pUj) is not exactly a convolution semigroup property, functions 
satisfying this condition may be obtained out of convolution semigroup ker- 
nels. Three cases will be separately analyzed, namely G = f/ (1) , S\J (2) , SU (3). 

14 



4.1 G = U{1) 

An important convolution semigroup in f/ (1) 

[/(l) = {e^2.^;ee [0,1)} (41) 

is the heat kernel semigroup 



nez 



which, by convolution with any initial condition mo(^); provides a solution 
to the U (1) —heat equation 



Let us now use the U {1) —heat kernel in (142|) with 

p{e'^^')=Ki{e'^^\l3) (44) 

to check the condition ( HU]) . One obtains 

/" i^i (e*2-(^i+«)^ ^') ;^^ (g^2.(e,-a)^ ^,^) ^^ ^ ^^ (^^2.(^1+9,)^ 2/3') (45) 

Iterating this relation, one concludes that the measure consistency condition 
is satisfied with the choice (jH]) if 

^'=j (46) 

that is, each time one plaquette is subdivided the "time" label /3 in the 
densities associated to that plaquette should be divided by 4. Therefore, 
using the heat kernel as the density of the measure, a consistent measure is 
constructed in the projective limit. 

An important consideration in establishing measures for the gauge spaces 
is to check whether, in the small scales, these measures correspond (or not) 
to the measures used by physicists for the same phenomena. In the U (1) 
case this is easily seen by rewriting the heat kernel using the Jacobi identity 



'<^(^"'-^)-^^-^[-^^) ^«) 
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Then, at very small scales (3 becomes extremely small. Therefore in the sum 
of (1471) only the n = and the 6^0 neighborhood contribute and, for the 
plaquette, one obtains a density proportional to 

exp I ^^ 1 (48) 

which indeed corresponds to the usual (small scale) ^ (1) —measure. 

In the lattice used to define the {T, >-} directed set when, in the lattice size 
^, /c — i- oo then /3 — )■ 0. In this limit the density ( H7|) is no longer continuous, 
therefore, the interaction measure is not absolutely continuous with respect 
to the kinematical i^ measure. Nevertheless the interaction measure has a 
generalized density in H* (A), the distribution space of the projective gauge 
triplet described before. Summarizing: 

Theorem 2 Using the density (^^ for each link-based loop, with (3^ = c-^ 
(c an arbitrary constant) for each Tk in the directed set, a consistent measure 
is shown to exist in the projective limit A = lim^p^ of the f/ (1) gauge 

theory. Furthermore, the measure coincides at small scales with the Gaussian 
measure [J^ l- The measure in the projective limit is not absolutely continuous 
with respect to the kinematical measure, but it has a generalized density in 
H*{A). 

In Fig.2 one plots the density ^ ioi e [0, 1] and /3 e [0.001, 0.4]. One 
sees that for small /3 (small scales) the measure concentrates around 6* = 0. 

4.2 Non-abelian compact groups 

Now that the f/(l) case is understood, a simple argument shows that a 
similar construction is possible for general compact groups. In a compact 
Lie group the heat kernel is 

K{g,P)= Y^d.e-^'^f'xxig) (49) 

AeA+ 

with g E G and (3 G M"*". A"*" is the set of highest weights, dx and Xa (■) the 
dimension and the character of the A— representation and c (A) the spectrum 
of the Laplacian fllOj) 

{AgXx){9) = c{X)xx{9) (50) 
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Figure 2: The U (1) —heat kernel density 

Using, as before, the heat kernel for the construction of the interaction mea- 
sure, the condition f HU]) becomes 



dfiH (x) K {gix, 13) K [x ^5-2, /?) 

\ /^ A -I- •^ 



A,A'gA+ 

K {9192,2(5) 



(51) 



the last equality following from Schur's orthogonality relations. Therefore, 
whenever the heat kernel is chosen as the density for the loops, the situation 
is quite similar to the f/ (1) case, namely, on each subdivision of a plaquette 



/3->/3' 



, /3 



(52) 



Hence 
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Theorem 3 Using the heat kernel ( [7^ for the density of each plaquette, 
with Pk = c-^ (c an arbitrary constant) for each F^ in the directed set, a 
consistent measure is shown to exist in the projective limit A = lim^rfc of 
the gauge theory with compact structure group G. 

Notice that in the verification of the condition (HUj) by 051 p what is im- 
portant is the characters orthogonality relation. Therefore a different set of 
c(A)'s might be used. This would lead to a different measure. The choice 
of which measure to choose would depend on physical considerations in the 
small scale limit. 

The SU (2) and SU (3) cases will now be analyzed in detail 

4.2.1 SU{2) 
Here 

A+ = {A:2AgN,A>0} 
c(A) = h{X + l) 

dx = 2A + 1 (53) 

K, (g, /3) = V (2A + 1) ,-^,M>.^i), -^-m + ^U^i9)} ^^^^ 

^-^ sin j vra; ( g ) ^ 

AeA+ "- ^^'^ 

where vra; i^g) is the angle coordinate of (/ in a maximal torus. It may be 
obtained from the 2x2 matrix representation of g by 

1 (Tr (g) 



nx (g) = cos" ( — ^ — j (55) 

K2 {g, (3) may be rewritten as 

j^ ( R\ 0(0 ^3/2 e^/« V- x(^) + 2n / ^ {x{g)+2nf \ 
K^^3,P) = 2i2.)' ^|: ^.^^^^(^)^ exp|-2vr j (56) 

One also sees that for small (5 (small scales) the heat kernel density is domi- 
nated by the n = term in the sum above and by field configurations near 
X (g) = 0. As in the U (1) case, at /3 = the "densities" are no longer 
continuous functions and the measure in the projective limit space is not 
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absolutely continuous with respect to the kinematical measure. There is 
however a generahzed density in %* (A). 

The structure of the measure at small scales may now be compared with 
the naive continuum limit of lattice theory, as discussed for example in [H]. 
There 

U = e^^"^'^" (57) 

c is a coupling constant, a the lattice spacing, A^^ the continuum gauge field 
and Tb a Lie algebra basis. Then, for a plaquette in the 1, 2 plane 

TT ( A\ _ JcaA\(^x^-^aS^2)'n,JcaA^^Tt(^Xf^ + ^aS^i^-icaA'l(^Xfj,+^aS^2)Tb-icaA^^(^Xf^-^a5^l^T 

(58) 
which for small a leads to 



Tr(f/n(A))^2-^F,W2 (59) 

On the other hand, from (!55l) . one knows that 

TrUo = 2cos{'Kx{Ua)) 

or TrUu — 2 (l — ^tt^x^ (f^n)) for small x. Comparing with ( l59l) one con- 
cludes that 

x' (f/n) = '^Fl,Fl, 

Therefore, for small /3, the measure that uses fl56|) as its density coincides 
with the usual physical continuum measure. 

In Fig. 3 one plots the density ( ISBj) for different values of 6* = vrx and (5. 
As in the U (1) case, one sees that for small (3 (small scales) the measure 
concentrates around = 0. 

4.2.2 5t/(3) 

The irreducible representations of SU (3) are labelled by two positive integers 
(j9, g) ((1,1) is the one- dimensional representation, (2,1) = 3,(1,2) = 3*, 

etc.). The eigenvalues of the Laplacian and dimensions of the representations 
are 

c (P, g) = g [P^ + q^ +pq)-l 

dp,q = ^pq{p + q) p,g=l,2,--- (60) 
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Figure 3: The SU (2) — heat kernel density 

With (6*1 (g) , 02 (g)) denoting the angle coordinates of g in the maximal torus 
diag {exp {i9i) , exp {i92) , exp (— i (6*1 + ^2))}, obtained from 

cos 6*1 (g) + cos 02 (g) + cos (^1 — 62) (g) = ReTr (g) 
smdi{g) + sme2{g)-sm{0i-92){g) = ImTr [g) (61) 



the SU (3) heat kernel is 



s(e,,e. 



^ 00 00 

r-f) Yl 5Z {^1 " ^2 + 271 {I - m)} {01 + 2^2 + 27r (/ + 2m)} x 

{2^1 + 02 + 277 (2/ + m)} exp | -^ [(^i + 2nlf + (^2 + 2nmf + (^i + 27r/) {62 + 27rm)] 

(62) 



with 



5^1,^2 



02) =8 



sin - (6*1 



62) sin ^ (201 + 02) sin ^ (0i + 202) (63) 
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That the choice p (g) = K^ {g, (5) and p' (g) = K^ ((?, |) , for each plaquette 
subdivision, satisfies the consistency condition (HOl) follows from the general 
result (Theorem 3). 

Now one checks the consistency of the result with the physical small scale 
(small j3) limit. Inspection of f l62|) leads to the conclusion that for /3 = 
the sums become dominated by the I = m = term and the neighborhood 
{01 ^0,^2 ~0). Then 

K, {g, (5) ^ exp |-^ {Ol + Ol + 6,6,) | 

From fl6T]) one also sees that for small ^i, 6, 

3-6l-6l-6,6,^Tr{g) 
which, equating with fl59l) . leads to 



61 + 61 + 6,62^ 1-^F^,F^, 



That is, up to an irrelevant constant factor (to be absorbed in the measure 
normalization), one also obtains in the SU{3) case the usual physical measure 
in the /3 — )■ limit. Therefore, both for SU (2) and SU (3), one may take the 
measures so constructed as a definition of the Yang- Mills measure. 

For small /3 the measure is always concentrated in the neighborhood 
(^1^0,^2-0). 

5 Gauge measure and the strata 

Let Sa be the stabilizer (isotropy group) of a generalized connection A E A 

SA = {ieg:^A = A} (64) 

The action of the gauge group ^ on ^ leads to a stratification of A corre- 
sponding to the classes of equivalent orbits {gA; g E Q}. The stratum S {A) 
of A is the set of connections having isotropy groups ^—conjugated to that 
of A 

T.{A) = {BeA:3-ieg:SB = iSaI-^] (65) 
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The configuration space of the gauge theory is the quotient space A/Q and 
therefore a stratum is the set of points in A/Q that correspond to orbits with 
conjugated isotropy groups. 

When G is a compact group the stratification is topologically regular. The 
map that, to each orbit, assigns the conjugacy class of its isotropy group is 
called the type. The set of strata carries a partial ordering of types, S^ C S^/ 
with r < r' if there are representatives Sr and S*^/ of the isotropy groups 
such that Sr ^ 5*,-'. The maximal element in the ordering of types is the 
class of the center Z{G) of G and the minimal one is the class of G itself. 
Furthermore Uf>T-Sj is open and S^ is open in the relative topology in Ut<rSj. 

Because the isotropy group of a connection is isomorphic to the centralizer 
of its holonomy group, the strata are in one-to-one correspondence with the 
Howe subgroups of G, that is, the subgroups that are centralizers of some 
subset in G. Given an holonomy group Hr associated to a connection A of 
type r, the stratum of A is classified by the conjugacy class of the isotropy 
group Sr, that is, the centralizer of Hr 

Sr = Z (Hr) (66) 

An important role is also played by the centralizer of the centralizer 

K = ZiZiHr)) (67) 

that contains Hr itself. If H'^ is a proper subgroup of G, the connection A 
reduces locally to the subbundle Pr = (M, H'^). Global reduction depends on 
the topology of M, but it is always possible if P is a trivial bundle. H'^ is the 
structure group of the maximal subbundle associated to type r. Therefore 
the types of strata are also in correspondence with types of reductions of the 
connections to subbundles. If Sr is the center of G the connection is called 
irreducible, all others are called reducible. The stratum of the irreducible 
connections is called the generic stratum. 

Now, for G = SU (2) and SU (3) one describes the strata and how they 
stand in relation to the measures defined before. In G = SU{2), the isotropy 
groups (equivalently, the centralizers of the holonomy) and the structure 
groups of the maximal subbundles are : 





Sa 


H'a 


1 


Z2 


SU{2) 


2 


f/(l) 


Uil) 


3 


SU{2) 


Z2 



(68) 
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There are three strata. Stratum 1 is the generic stratum. The other two are 
reducible strata. 

A SU (2) transformation may be parametrized by 



exp 



.e^ 


^\ 


, e , . 


(^ 


-^\ 


e 


i-n 


a 


= 1 cos - + I 


n 


a 


sm - 


2 


1 


2 


\ 


J 


2 



(69) 



Geometrically, the SU (2) group may be pictured as a sphere of radius 47r, 

with all the points at radial distance 27r identified to j 1 and the 

points at radius Air identified with the center of the sphere. The reducible 
stratum 3 corresponds to a Z2— bundle, that is, to homomorphisms of the 
loops to a two point space {0 = Q,6 = 27r). Each reducible stratum of type 2 
is a U {!) —bundle corresponding to homorphisms of the loops to the SU (2) 
transformations along one radius (fixed n, variable 9). Because adjoint trans- 
formations transform any radius into any other, all U {1) —bundles are equiv- 
alent and represent the same gauge configurations. Finally, the (generic) 
stratum 1 corresponds to homomorphisms to arbitrary SU (2) transforma- 
tions. 

From fl55l) one sees that the intensity of the measure flMl) only depends 
on the first term 1 cos | in the parameterization fl69|) . Therefore all strata 
approach the small x (g) region where the measure is peaked and therefore 
they all are expected to be relevant in the physical behavior of the gauge 
theory. 

For G = SU{3) the isotropy groups and the structure groups of the 
maximal subbundles are : 



(70) 



There are five strata. Stratum 1 is the generic stratum. All others are 
reducible strata. To find out their relevance in the framework of the mea- 
sure fl62l) one uses the following parametrization [16] for an arbitrary SU (3) 
transformation, 

U = uq + iUkXk (71) 





Sa 


Ha 


1 


Z3 


5f/(3) 


2 


f/(l) 


f/(2) 


3 


U{1) X f/(l) 


Uil) X f/(l) 


4 


f/(2) 


f/(l) 


5 


Sf/(3) 


Z3 
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where Uk = otak + Pdij^didj for an octet vector a^, with uq, a and /3 being 
functions of the invariants 

I3 (a) = dijkaiajak 
which can be built from the vector a^. Then 

« = -EnVne'^'-i^vl-hr' (73) 

with 



1 



<^„ = 2(^^ycos^(27rn + cos-i(V3/3/2^)); n = l,2,3 (74) 

As before, one sees from ( 16T|) that the intensity of the measure only 
depends on Rcmq and Imwo, whereas the choice of the subbundle for each 
stratum depends on the choice of the Uk coefficients. Therefore there is for 
all strata a range of parameters that approaches the region where the measure 
is peaked. 



6 Remarks and conclusions 

1) The Cartesian product point of view, in the construction of the projective 
limit A = lim^r and of the triplet Ti (A) C L^ {A, dv) C %* {A), means that 

a consistent framework is obtained for the description of gauge theories at all 
length scales. In this setting the lattice structure, underlying the Cartesian 
product, is not an approximation scheme but a framework to characterize 
the theory at the several length scales. 

2) For each ^r = Hom{E{T),G) ~ G^^^^\ the interaction measure 
^p{Ar) (dfiff) ^ , constructed in Section 4 is absolutely continuous with 
respect the kinematical measure. However when /3 — )• the "density" ceases 
to be a continuous function. Therefore, for the full projective limit, the 
interaction measure is not absolutely continuous with respect to the kine- 
matical measure. That such a result was to be expected, follows also from 
the analysis of Fleischhak |T7] [18] who, starting from very general condi- 
tions concluded that in gauge theories there is a "breakdown of the action 
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method". However, in the gauge triplet framework, one may consider that a 
generahzed density exists in H* (A). 

3) The fact that the small P component of the interaction measures co- 
incides with the usual small distance representations of the abelian and the 
Yang-Mills measure, mean that they will inherit the same qualitative phys- 
ical properties. In particular, the absence of a mass gap in the abelian case 
and, for the non-abelian case, the same qualitative properties as obtained, for 
example, from asymptotic dynamics [19], namely the fact that either there 
is spontaneous violation of the symmetry or all asymptotic states are color 
singlets. 

4) As to the role of non-generic strata in gauge theories, the fact that 
there is for all strata a range of parameters that approaches the region where 
the measure is peaked, emphasizes the importance of these strata for the 
structure of low-lying excitations. A similar result [20] had been obtained 
using a ground-state approximation [21] [22] for the non-abelian ground-state. 
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